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A New Family of Surfaces of General Type 
with K 2 = 7 and p g = 



Yifan Chen 



Abstract 

We construct a new family of smooth minimal surfaces of general type with 
K 2 = 7 and p g = 0. We show that for a surface in this family, its canonical divisor is 
ample and its bicanonical morphism is birational. We also prove that these surfaces 
satisfy Bloch's conjecture. 



1 Introduction 

Minimal surfaces of general type with p g (S) = have been constructed and studied since 
the 1930's (cf. Cam32 and |Go35 ). These surfaces have invariants p g (S) = q(S) = 
and 1 < Kg < 9. For each value of Kg, except for the case Kg = 7, there exists nowadays 
quite a list of examples. Up to the best knowledge of the author, there is only one known 
family of minimal surfaces of general type with K 2 = 7 and p g = (cf. BCP11 Tables 



1-3). This family of surfaces is due to M. Inoue (cf. |In94| ) . In Ril2| , a family of surfaces 
of general type with K 2 = 7 and p g = is constructed. We will show in the last section 
that this family actually consists of Inoue surfaces. 
Inoue surfaces with K 2 



7 are constructed in In94 as quotients of complete inter- 



sections of codimension two in the product of four elliptic curves by a fixed point free 
action. Inoue surfaces can also be constructed as finite (Z/2Z) 2 -covers of the 4-nodal 
cubic surface (cf. |MP01 Example 4.1). The bicanonical morphism of Inoue surfaces has 
degree 2 and is composed with exactly one involution of (Z/2Z) 2 . We refer to a recent 



article BC12 , where the authors use both two constructions to study the deformations 



of Inoue surfaces and generalize their results to certain manifolds. 

In spite of lack of examples, there are many studies on minimal smooth surfaces 
of general type with K 2 = 7 and p g = 0. It is shown in 



MP01 



and 



MP03 



that the 
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bicanonical morphism of such a surface has degree either 1 or 2. And if the bicanonical 
morphism has degree 2, the surface has a genus 3 hyperelliptic fibration. Involutions on 
surfaces of general type with K 2 



LS12 



and 



Ril2 



Either 



7 and p g = are studied in 
article gives a list of numerical possibilities. However, no new example is constructed 
(cf. Section 6). It is also shown in a pre- version of LS12| that three quotients of an 
Inoue surface by the involutions are all rational. However, we point out that one of the 
quotients is birational to an Enriques surface (cf. Section 6). 

In this article, we construct a family of surfaces with K 2 = 7 and p g = 0, as finite 
(Z/2Z) 2 -covers of certain weak Del Pezzo surfaces with degree one. These surfaces have 
ample canonical divisors. 

For a surface S in our family, we show that the bicanonical morphism of S is not 
composed with any involution of (Z/2Z) 2 . Indeed, by using the results of MP03 



we 



prove by contradiction that S has birational bicanonical morphism. So the family is 
indeed a new family. 

We show that three quotients of S by the involutions have respectively Kodaira 
dimensions — oo,0, 1, realizing some numerical possibilities of the lists of Ril2 and 
[LS12 



By applying the results of a recent article Baul2 , we prove that S satisfies 



Bloch's conjecture. 
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many discussions. 



2 Certain Weak Del Pezzo Surfaces of degree one 

We will construct a family of weak Del Pezzo surfaces of degree one as blowups of F 2 
at eight points. We use (x\ : X2 ■ xz) as the homogeneous coordinates for P 2 . Let 
pi = (1 : : 0),P2 = (0:1: 0),p 3 = (0 : : 1) and p = (1 : 1 : 1), and let p'j be the 
infinitely near point over pj , corresponding to the line pjpo, for j = 1, 2, 3. We state a 
lemma on conies passing some of these points. 

Lemma 2.1. For each i = 1,2,3, there is a unique conic Ci passing through pi, pi+i, 
p' i+1 , Pi+2, v'i+2- equation is Xi(xi+i + — = 0. Moreover, a does not 

pass through the point p\. 
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Here we make a convention that the indices i G {1,2,3} should be understood as 
residue classes modulo 3 through the article. We omit the proof of the lemma. 

Let a: W — > F 2 be the blowup of eight points: Po, Pl> Pi> P2, P2iP3> P3 an d p, where 
the eighth point p satisfies: 

(I) p g ^i =1 {pWi ■ Xi+l = Xi+2} Uf =1 {pi+lPi+2 ■ Xi = 0}. 

(II) p ci U c 2 U c 3 . 

We remark that such surfaces W are parameterized by p. 

Denote by Ej (respectively E'-, E) the total transform of the point pj (respectively, 
p'j, p), and by L the pullback of a general line by a. Then Pic(W) = 7LL © ZEq © 
® 3 j=1 (ZEj © ZE'j) © ZE and -K w = 3L - E - ^2j=i( E j + E 'j) ~ E - We list some 
properties of the surface W. 

(1) W is a weak Del Pezzo surface of degree 1, i.e., —Kw is nef and big, and K w = 1. 

This follows from the fact that any four points of po, p\ , . . . , p' 3 and p are not 
collinear (cf. |Do, Theorem 8.1.7]). 

(2) W has exactly six (— 2)-curves. Their divisor classes are as follows: 

Cj = L-E - Ej - E'j, C'j = Ej - E' p for j = 1, 2, 3. (2.1) 

Actually, assume that C is a (— 2)-curve of W and its divisor class is C = xL — 
aoEo-Y^^iajEj+a'jEfi-aE. If a{C) is a point, then C is one of C{, C' 2 , C' 3 . If c := 
<t(C) is a curve, then c is an irreducible curve of degree x having multiplicity at least 
ao (respectively a\, . . . ,a) at the point po (respectively pi, . . . ,p). In particular, 
ao, . . . ,a are nonnegative integers. If x = 1, then C is one of C\, C%, C3. 

It suffices to exclude the case x > 2. Since C 2 = —2 and i^iyC = 0, 

3 3 
x 2 + 2 = ag + y~^(aj + a^ 2 ) + a 2 , 3x = ao + ^(«j + a'j) + a- 

3=1 3=1 

By Cauchy's inequality, 9x 2 < (x 2 + 2) • 8 and thus x < 4. 

If x = 4, then the equality holds, and ap = . . . = a = 2. Then CC( = x — ao — a% — 
a\ = —2. Thus C > C[. This gives a contradiction and thus x 7^ 4. 

Assume that x = 2. Then c is an irreducible smooth conic. So ao, . . . , a G {0, 1}. 
Moreover, ao + X^=i( a j + a j) + a = a o + Sj=i( a j + a f) + a 2 = 6. So exactly six 
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of ao, . . . , a are 1. Using Lemma 2.1 and the condition (II), we see that there is no 
smooth conic passing through six points of po, ■ ■ ■ ,p. Hence x ^ 2. 

Assume that x = 3. Then c is an irreducible cubic curve. So clq, . . . ,a 6 {0, 1, 2}. 

Moreover, a + Sj=i( a j + a 'j) + a = 9 an d a(« - 1) + Zlj=i( a j( a j ~~ 1) + a 'j( a 'j ~ 
1)) + a(a — 1) = 2. So exactly one of ao, ■ ■ ■ , a is 2, and the others are 1. If ao = 2 
or a, = 2 or a'j = 2, then CCj = —1. This gives a contradiction. So a = 2 and 
C = — K\y — E. It is more complicated to exclude this case. For later use, we state 
a lemma. 

Lemma 2.2. | - K w - E\ = 0. 

Proof. Assume by contradiction that | — K\y — E\ ^ 0. Then an element in | — Ky/ — 
E\ corresponds to a cubic curve c on P 2 passing po , p\ ,p2 ,P3,p'i ^P^iV's an d having 
a singularity at p. Let F(xi, X2, x$) be the equation of c. Since c passes through 
PiiP2,P3, F has no terms xfjxf,^. Since pop] : Xj + \ = £j+2 is the tangent line to 
c at the point pj, the coefficient of the term x^Xj+i is the opposite of that of the 



term x?Xj + 2. So we may assume that 



F(x\, x 2 , x 3 ) = Axl(x 2 - x 3 ) + Bxl(x 3 - x\) + Cx\{x2 - xi) + L>xia;2a;3. 
Since c contains po = (1 : 1 : 1) ; D = 0. 

Assume that p = (1 : a : (3), where a / 0, 1, and j3 / 0, 1, and a / /3 (cf. (I)). The 
singularity p of c imposes the following conditions: 

(a - /3)A + a 2 (/3 - 1)B + /3 2 (a - 1)C = 0, 
A + 2a(/3 - 1)B + P 2 C = 0, 
-A + a 2 B + 2/3(a - 1)C = 0. 

Since the coefficients matrix has determinant 2a(3(a — l)(/3 — — /3), which is 
nonzero, A = B = C = 0. Hence | - K w - E\ = 0. □ 

(3) The (— 2)-curves C\, C[, C2, C 2 , C3, C' 3 are disjoint. Let r\: W — > S be the mor- 
phism contracting these (— 2)-curves. Then £ has six nodes and — Ky, is ample. 

(4) Denote by V the strict transform of the line passing po and p, i.e., T = L — Eq — E. 
r is a (— l)-curve and r + E is a member in a base-point-free pencil of rational 
curves \F\, where F = L — Eq. \F\ corresponds to the pencil of lines on P 2 passing 
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through the point pq. The morphism g: W — > P 1 induced by \F\ has exactly four 
singular fibers: 



C 3 E'j Cj r E 

o o o o o 

12 111 



for j = 1,2,3. 



From two ( — l)-curves T and E, we will find two more (— l)-curves. For this purpose, 
we need some properties of the linear system | — 2K\y \ . 



Proposition 2.3 (cf. [Do| Theorem 8.3.2]). h°(W,O w (-2K w )) = 4 and \ - 2K W \ 
defines a regular map <p: W — > P 3 . It factors as a birational morphism rj: W — > X 
contracting exactly the six (—2)-curves, and a finite morphism q: £ — > Q of degree 2, 
where Q is a quadric cone. 



See Do, Theorem 8.3.2] for a general statement on weak Del Pezzo surfaces of any 
degree and for a proof. 

Proposition 2.4. (1) The linear system of \ — 2K\y — T\ consists of a (-l)-curve. 
Denote this (-l)-curve by B2. Then B2T = 3 and B^E = 1. 

(2) The linear system of \—2K\y — E\ consists of a (—1)- curve. Denote this (—1) -curve 
by B 3 . Then B 3 T = 1 and B 3 E = 3. 

(3) r + E + B<i + .B3 has only nodes. 
Proof. (1) We have an exact sequence 

O w {-2K w - T) -»• O w {-2K w ) O v {-2K w ) 0. 



Since -2K W T = -2, by Proposition [2T3J h°(W, O w (-2K w — T)) > 1. 

Since (— 2Kw — T) 2 = —1 and Ky/{— 2K\y — T) = —1, it suffices to prove that any 
curve in | — 2K\y — F\ is irreducible. 

First we prove that | — K\y — T\ is empty. Since — K\y — T = 2L — E\ — E[ — E2 — 
E' 2 — E 3 — E' 3 , this follows from Lemma 



2.1 



Assume that —2Ky/ — V = A\ + A2, where A\ is an irreducible curve with 
—K\yA\ = 1, and Supp{A2) is contained in the union of the (— 2)-curves. By 
the algebraic index theorem, A\ < 1. If A^ = 1, then A\ = —Kw. But then 
— Kyy — r = A2. This contradicts that | — Ky/ — T\ = 0. So A\ < and thus 
A\ is a (— l)-curve. Since Suppi^A^) is contained in union of the (— 2)-curves, 
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A 1 A 2 + A\ = (-2K W - T)A 2 = 0. So A X A 2 = -A\ is an even integer. Since 
— K\y(Ai + A 2 ) = 1, by the algebraic index theorem, (A\ + A 2 ) 2 < 1, i.e., 
AiA 2 - 1 < 1. If the equality holds, then -K w = A x + A 2 . Then -K w - V = 0. 
This contradicts that | — Kw — T\ = 0. It follows that A\A 2 = 0. So A\ = and 
thus A 2 = 0. 

Hence |— 2K\y— T\ consists of a (— l)-curve B 2 . Moreover, B 2 T = (— 2K\y— T)T = 3 
and B 2 E = {-2K W - F)E = 1. 

(2) The proof is similar to (1). The key point is to prove that | — Kw — E\ =0. This 
is true by Lemma |2.2| 

(3) Recall that V + E are disjoint from the (— 2)-curves, since they are in different 
fibers of g. It follows that B 2 = —2K\y — T and B% = —2K\y — E are also disjoint 
from the (-2)-curves. Note that ^2-83 = (~2K W - F)(-2K W - E) = 1, B 2 E = 
B3T = TE = 1. It suffices to prove that 

(a) r (respectively E) intersects B 2 + B3 transversely. 

(b) B 2 (respectively -B3) intersects T + E transversely. 

For (a), let M := B 2 + B%. Then \M\ induces a genus fibration h: W — > P . 
Since MCj = MCj = for j = 1,2,3, the six (— 2)-curves are contained in the 
singular fibers of h. We claim that h has exactly four singular fibers: B 2 + B% and 
M j (j = 1,2,3) : 

(-2) 8, (-2) 

o o o 

1 2 1 

where the (— 2)-curves are Ci, . . . , C' 3 , and Qj is a (— l)-curve for j = 1, 2, 3. 

Actually, since — Ky/ is nef, for any irreducible component A in a singular fiber, 
A is either a (— 2)-curve or A is (— l)-curve. Since — K\yM = —Ky/{B 2 + -B3) = 2, 
any singular fiber contains either one (— l)-curve with multiplicity 2, or two ( — 1)- 
curves with each multiplicity 1. Since all (— 2)-curves oiW are disjoint, any singular 
fiber has one of the following possible types: 

(-2) (-1) (-2) (-1) (-2) (-1) (-1) (-1) 

o o o o o o o o 

12 111111 

Each fiber of the first two types contributes 2 to the Picard number p{W). Note 
that W has six (— 2)-curves Ci,...,C 3 and p{W) = 9. By concerning how the 
(— 2)-curves distribute to the singular fibers, we see that except the singular fiber 
B 2 + B3, any other singular fiber is of the first type. Our claim is proved. 
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Since MF = (-4JC W - T - E)F = 4, h\ r : F -)• P 1 is of degree 4. Denote by i? the 
ramification divisor of /i|r- Since F is disjoint from Cj and C'-, TOj = \FM = 2. 
Thus /i|r has ramification points on the singular fibers M x , M 2 , M 3 , and degi? > 
2x3 = 6. The Riemann-Hurwitz formula shows that h\r does not have any other 
ramification points than those on Mi, Mi, M 3 . In particular, F intersects the fiber 
B 2 + B 3 transversely. 

Similar argument shows that E intersects B 2 + B 3 transversely. 

For (b), we use another fibration g: W — > P 1 . We have seen the singular fibers of 
g in Section 2. Note that B 2 F = B 2 (F + E) = 4 and B 3 F = B 3 (F + E) = 4. 
Similar argument as the proof of (a) shows that B 2 (respectively S3) intersects 
r + E transversely. □ 



3 Construction of surfaces of general type 

In this section, we construct a family of surfaces of general type as finite (Z/2Z) 2 -covers 
of W. First, we define three effective divisors on W 



Ai 

A 3 



F b + T + (d + C[ + C 2 + C 2 ) =4L- AE - 2E[ - 2E' 2 - E, 

B 2 + (C 3 + C' 3 ) = -2K W -2E' 3 + E, (3.1) 

B 3 = —2K\y — E. 



Here we require that 

(A) F b is a smooth fiber of g (cf. Section 2, property (4) of W). 

(B) The divisor A := Ai + A2 + A3 has only nodes. 



By Proposition 2_A, B 2 + B 3 + F has only nodes, and Fb, F, B 2 , B 3 are disjoint 
from the (— 2)-curves C\, . . . , C 3 . (B) is equivalent to that Fb intersects B 2 and B 3 
transversely, and does not pass the intersection point of B 2 and B 3 . By Bertini 
theorem, this is the case for a general fiber. 

We also define three divisors 

C\ = —2Kw — E' 3 , 

C 2 = -K w + (2L-2E -E' l -E 2 -E), (3.2) 
£ 3 = — Kw + (2L — 2E — E x — E 2 — E 3 ). 

It follows that 2Li = Aj+i + A.i +2 , £; L + Aj = £«+i + Ci +2 for all i = 1, 2, 3. 
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Denote by gi,g2,93 the nonzero elements of G := (Z/2Z) 2 and by \i £ G* the 



nontrivial character orthogonal to gn by Cat84, Section 1] or Cat99. Theorem 2], the 
data (3.1) and (3.2) define a finite G-cover tt: V — > W. 



By Cat99 Theorem 2], conditions (A) and (B) imply that V is smooth. By the 



formulae in |Cat99 Section 2], 

2K V = r{2K w + A) = n*(-2K w + T + V 3 (C7, + G'-)), 
p g (V) = Pg (W) + Y? i=l h°(W, O w (K w + d)). 



(3.3) 
(3.4) 



Note that each Cj or Gj (for j = 1,2,3) is a connected component of A. The (set 
theoretic) inverse image Tx~ 1 Cj or ■fr~ 1 Cj is a disjoint union of two (— l)-curves. Let 
e: V — > S be the blowdown of these twelve (— l)-curves. From the construction, there is 
a finite G-cover tt : S — > S such that the following diagram commutes: 



■ s 



(3.5) 



The discussion above shows that 

2K s = r(-2Kj : + 1 ), (3.6) 
where 7 = r/(T) is a (— l)-curve contained in the smooth part of E. 

Theorem 3.1. S is a smooth minimal surface of general type with K% = 7 and p g (S) = 
0. Moreover, K$ is ample. 



Proof. By Q, Kj = |4(-2iT s + 7 ) 2 = 7. 

By (pTI} and p g (W) = 0, to show that p g (S) 
h°(W, O w (K w + d)) = for i = 1, 2, 3. By (pi) 



p g (F) = 0, it suffices to show that 



Kw + C\ = —Kw — E3, 
K\y + C2 = 2L — 2£^o — -^i 
-ffty + £3 = 2L — 2Eq — E± 



En — E, 



(3.7) 



4- 



Recall the divisor classes of the (— 2)-curves (2.1) for the calculation of intersection 
numbers. 



(1) Assume by contradiction that \Kyy + Ci\ / 
DC 3 = DC 3 = -1, D > C 3 + C' 3 . Let D' := D 



and let D £ \K\v + >Ci|. Since 
G3 — G3. Then D' is effective and 

and the 



D = 2L — Ei — E[ — E2 — E' 2 — E3 — E. But this contradicts Lemma 
condition (II). So \K W + C x \ = 0. 



2.1 



S 



(2) Assume by contradiction that \Kyy + C 2 \ / and let D £ \Kw + £2 1- Since 
Dd = DC[ = -1, D > C\+C[. Then (D-C 1 -C[)E[ = -1 and D-C x -C[ > E[. 
It follows that D' := D — Ci — C[ — E[ is effective and D' = L — E — E' 2 — E. 
Similarly, D' > C 2 + C 2 + E' 2 and jD" := L>' - C 2 - C 2 - E' 2 is effective. But 
D" = —E. This is impossible. So \Ky/ + C 2 \ = 0. 

(3) Assume by contradiction that \Ky/ + C%\ 7^ and let D S |i^vK + £3 1- Similar 
argument shows that D>(C 1 + C[ + E[) + (C 2 + + Thus D' := D - {C x + 
C[ + E[) - (C 2 + C 2 + £ 2 ) is effective. But D' = -E' 3 . This is impossible. So 
\K W + C 3 \ =0. 

Hence p g (S) = 0. 

Since 7r is a finite morphism, by (3.6), to prove that -Kg is ample, it suffices to show 
that —2Ky, + 7 is ample, i.e., it suffices to show that if C is an irreducible curve on W 
such that (— 2K\v + T)C < 0, then C is one of the six (— 2)-curves Ci, . . . , C' 3 . 

Actually, since — 2K\y + T is effective and (—2K]y + T) 2 = 7, C 2 < 0. Since — K]y 
is nef, T.C < 2i^.C < 0. If T.C < 0, then C = T and C is a (-l)-curve. But then 
— 1 = r.C < 2K\yC = —2. This gives a contradiction. Thus T.C = and K\yC = 0. So 
C is one of the (— 2)-curves C±, . . . , C3. 

Hence i^s is ample and thus S is minimal and of general type. □ 

We have constructed a family of surfaces with a G = (Z/2Z) 2 -action, parameterized 
by a 3-dimensional open subset {(p, Fb)\p £ F 2 satisfying conditions (I) and (II), F^ £ 
\F\ satisfying conditions (A) and (B)} ofP 2 xP 1 . Here comes a natural question: whether 
the family constructed here is new or not? Up to our best knowledge, the Inoue surfaces 
is the only one known family of surfaces with K 2 = 7 and p g = 0. So we intend to 
show that the surfaces here have certain properties, which are different from the Inoue 
surfaces. 

Proposition 3.2. h°(S, O s {2K s )) mv = 6,h°(S,O s (2K s )) Xl = h°(S,O s (2K s )) X2 = 1 
and h°{S, O s (2K s )) X3 = 0. 



Proof. By the formulae in [Cat99 Section 2], for i = 1, 2, 3, 



h°(S, O s (2K s )) Xi = h°(V, Ov(2K v )) x > = h°(W, O w (2K w + C i+1 + C i+2 )) 
(1) By gg, 

2K W + C 2 +C 3 = 4L- AE Q - 2E[ - 2E 2 - E' 3 - E 

= T + (d + C[) + (C 2 + C 2 ) + (C 3 + E' 3 + C' 3 ). 
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So h°(W, O w (2K w +C 2 +C 3 )) > 1. Let D e |2K w +£ 2 +£ 3 |. Then DC k = DC' k = 
-2 for k = 1,2 and DC 3 = £>C 3 = -1. So £> > Ci + C[ + C 2 + C 2 + C 3 + C 3 and 
thus D' := D-(C 1 + C[ + C 2 + C' 2 + C 3 + C' 3 ) is effective. D' = T + E' 3 , and £>T = 
D'E' 3 = -1. Thus D' = T + E' 3 and D = T + (C 1 + C[) + (C 2 + C' 2 ) + (C 3 + E' 3 + C' 3 ). 
Hence O w (2K w + £ 2 + £ 3 )) = 1. 



(2) By 

2K W + d + C 3 = 5L- 3E -Ex- 2E[ - E 2 - 2E' 2 — E 3 — 3E' 3 — E 
= (2L - El -E 2 -E 3 -E' 3 -E) + y* (Cj + ty, 

* — '.7=1 J 



where \2L— E\— E 2 — E 3 — E 3 — E\ consists of a (— l)-curve, which is the strict trans- 
form of the conic on P 2 passing five points Pi,p 2 ,p 3 , p' 3 and p. So h° (W, Ow (2Kw + 
£i + £3)) > 1. An similar argument shows that h°(W, 0\y(2Kw + £1 + £3)) = 1. 



(3) By 

2K W + £1 + £ 2 = 5L - 3E -Ex- 2E[ - E 2 - 2E' 2 - E 3 - 2E 3 - 2E 
= (2L -E x -E 2 -E 3 - 2E) + V 3 (Cj + C'A 



Clearly, \2L - E x - E 2 - E 3 - 2E\ = \{L — Ei — E) + (L — E 2 — E) — E 3 \ is 
empty. Arguing by contradiction as the proof of Theorem |3.1[ it is easy to show 
that h°{W, O w (2K w + £1 + £ 2 )) = 0. 

Hence h°(S, O s (2K s ))^ = h°{S,O s (2K s )) X2 = 1 and h°(S, O s (2K s ))™ = 0. Since 
h°(S, O s {2K s )) = K 2 S + 1 = 8, h°(S, O s {2K s )) inv = 6. □ 

Corollary 3.3. The bicanonical morphism <p := (p 2 K s '■ S — > P 7 is not composed with 
any involution gi, for i = 1,2,3. 

By the corollary, for a surface S in our family, the pair (S, G) here is a different 
from any Inuoe surface with the G-action (cf. [MP01 Example 4.1]). So at least the 
construction of the pair (S, G) is a new example. 



4 The bicanonical map 

It is known that for an Inoue surface, the bicanonical morphism has degree 2 (cf. |MPQ1 
Example 4.1]). In this section, we prove that the our surfaces have birational bicanonical 
morphism. Hence they are new surfaces. 



10 



Theorem 4.1. For a surface S in Theorem 3.1, the bicanonical morphism <p: S — > P 7 
is birational. 

To prove the theorem, first we study the images of the curves T and E on the surface 
S (see the diagram ( |3.5[ ) in Section 3). Let e := rj(E) and 7 := r](T). 

Lemma 4.2. (1) vr*(7) = 27', where 7' is a smooth elliptic curve with Ks^ 1 = 1 and 



- 12 - -1. 



(%) £e£ e' := 7r*(e). TTien e' is a smooth curve of genus 2 wzi/i Kge' = 6 and e' 2 = —4. 
Moreover, e'7' = 2. 

Proof. Note that T and -E 1 are disjoint from the (— 2)-curves, it is essentially the same to 
make a discussion on the the covering fr : V — > W (see ( |3.5| ) ) . 

Note that T is a component of the total branch divisor A, and T is disjoint from Ff, 



and Ci, . . . ,C' 3 , and T intersects B2 + B3 transversely at four points (cf. Proposition 2.4). 
So 7r*(r) = 2r', and tt\y> ■ T' — > T is a double cover of T branched over four different 
points. Thus V is a smooth elliptic curve. T' 2 = |4r 2 = — 1 and by (3.3), KyF' = 

\4(-2K w + r + E|=i(Ci + q*))r = 1. 

Note that E is not a component of the branch divisor, and E intersects the total 
branch divisor A transversely (cf. Proposition 2.4), and EA\ = EA2 = 1, EA3 = 3. 
So the restricted (Z/2Z) 2 -cover over E is a (Z/2Z) 2 -cover over E = P 1 with the data 
(cf. [BCP11[ Subsection 4.2, Proposition 4.19]): B x = qi,D 2 = q2,D 3 = 03 + 04 + ^5 
and L\ = L2 = Opi(2),Ls = Opi(l), where qi,...,qs are different points of E. By 



[BCP11[ Corollary 4.21], E' := tt*(E) is irreducible. By [Cat99[ Theorem 2], E' is also 



smooth. E' 2 = 4E 2 
So E' has genus 2. 
Moreover, T'E' -- 



4 and by Q, Ky^' = ^(-2^ + T + Ei=i( C j + C 'j)) E = 6 - 



2. 



□ 



Now we are ready to prove Theorem 4.1 



and MP03 , deg cp 



The proof of Theorem 4-1 Assume by contradiction that (p is not birational. By MP01 
2 and S has a genus 3 hyperelliptic fibration /: S — > P . Moreover 

4. 

K s {i + $) 



/ has five double fibers. Denote the general fiber of / by <3?. Then K$Q 
First we show that $7' 



0. By Lemma 



4.2 



5. By algebraic index 



theorem, 2^7' - 1 < y and thus $7' < 2. If $7' = 2, then /|y : 7' ->■ P 1 is a double 
cover. Since / has five double fibers, f\y has at least five ramification points on 7'. 
Because 7' is a smooth elliptic curve, this contradicts the Riemann-Hurwitz formula. So 
$7' < 2. Since / has double fibers, $7' = 0. 
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Since Ks(e' + $) = 10, by the algebraic index theorem, 2$e' — 4 < -y- and thus 
$e' < 9. Since / has double fibers, $e' is an even integer. 

If $e' = 8, then f\ e i : e' — > IP 1 is a morphism of degree 8. Denote by R the ramification 
divisor of f\ e i. Since / has five double fibers, degi? > 4 x 5 = 20. Since e' is a smooth 
curve of genus 2, this contradicts the Riemann-Hurwitz formula. The case <3?e' = 6 can 
be excluded by a similar argument. So <J>e' < 4. 

If ^e' = 4 or 2, then the intersection number matrix of K$, 7', e! and $ is 



(1 
1 

6 

V 4 



4\ 


4 

Oy 



or 



/ 7 
1 

6 

V 4 



1 

-1 
2 




6 
2 



4\ 

2 

Oy 



3. 



Either matrix is nondegenerate. This contradicts that h (S,€ 

Thus <J?e' = 0. We have seen that $7' = 0. Since (27' + e') 2 = 0, by Zariski's Lemma 
27' + e' "~ m r$ for r G Q. Since K s i = 1, -K^e' = 6 and = 4, r 



2. By 



MP03 



has exactly one reducible fiber, which contains exactly two irreducible components. So 
7' and e' are the two irreducible components of this fiber. Then 7717' + ne' = $ for some 
positive integers to, n. This contradicts that 27' + e' ™~™ 2<I>. 
Hence (p is birational. 



5 The intermediate double covers and Bloch's conjecture 



From the construction, we see that the automorphism group of the surface in Theorem 3.1 
contains at least three involutions. Involutions on surfaces of general type with K 2 = 7 
and p g = are studied in |Ril2| and LS12| . Both articles give a list of numerical 
possibilities. The surfaces constructed here realize some numerical possibilities of their 
lists. 



Proposition 5.1. Let S be a surface as in Theorem 3.1 



(1) The involution g\ has 9 isolated fixed points on S, and S/g\ is a rational surface. 

(2) The involution 52 has 9 isolated fixed points on S, and S/§2 is birational to an 
Enriques surface. 

(3) The involution gs has 7 isolated fixed points on S. S/gz has Kodaira dimension 1, 
and Ks/g 3 ^ s ne f- 
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Proof. (1) Consider the intermediate double cover tt\ : V\ — > W of tt: V — > W (cf. ( |3.5[ )) 
associated to the data A2 + A3 = 2£±. V\ has exactly one node lying over the node 
of B2 + -B3. The (set theoretic) inverse image 7r[" 1 C , 3 or Trf C 3 is a (— l)-curve, 
while the inverse image jr^ 1 Ck or vr^C^, (fc = 1,2) is two disjoint (— 2)-curves. 
Contracting all these curves, we obtain the quotient surface S/g\. From the con- 



struction (cf. (3.5)), S/g\ has exactly 9 nodes (the images of the node of V\ and 
the 8 (— 2)-curves ff^Cfc, ^\ X C' k (k = 1,2). Hence g\ has 9 isolated fixed points 
on S. 

To show that S/ g\ is rational, it suffices to show that V\ is rational. As it is shown 
in the proof of Proposition 2.4 (3), \M\ = |£> 2 + B%\ gives a genus fibration 
h: W -)• P 1 . For a general M, M(A 2 + A 3 ) = 0. So the pullback of M by #1 is 
two disjoint smooth rational curves. Applying Stein factorization to the morphism 
h o fr : V\ — > P 1 , we conclude that V\ has a genus fibration. As a quotient of V, 
q(Vi) = 0. Hence V\ is a rational surface and so is S/g\. 

(2) Consider the intermediate double cover tt 2 ■ V2 — > W associated to the data Ai + 
A3 = 2C2 ■ V2 has exactly 5 nodes lying over the 5 nodes of Fb+T+B^. Contracting 
the set theoretic inverse image oiTT^iCj) and ^(Cj) (j = 1,2,3), we obtain S/g 2 . 
It has 9 nodes (the images of the 5 nodes and the 4 (-2)-curves 7r^ 1 C3 , vt^C^)- 
Hence 52 has 9 isolated fixed points on S. 

Clearly, p g {V2) = ^(V^) = 0. To show V2 is birational to an Enriques surface. It 
suffices to show that P2m+i{Y2) = and P2m(V2) = 1 for m > 1. 

Note that K V2 = n* 2 {K w + C 2 ). So P 2 m{V 2 ) = h°{W, O w (2mK w + (2m - 1)£ 2 ) + 



h°(W, O w (2mK w + 2mC 2 )). By (3.7) 



2mK w + 2mC 2 = 2mT + m(d + C[ + C 2 + C' 2 ). (5.1) 

Recall that T is a (— l)-curve, Ci,C' 1 ,C2,C' 2 are (— 2)-curves and all these curves 
are disjoint. So h°(W, O w (2mK w + 2mC 2 )) = 1. 



By (3.7), clearly (2^ + ^21 = 0- For m > 2, by (5.1) 



2mK w + {2m - l)C 2 = 2{m - l)Y + (m - l)(Ci + C[ + C 2 + C 2 ) + (2# w + £ 2 ). 

Note that T(2K W + £ 2 ) = -2, ^(2^ + £ 2 ) = C' k (2K w + £ 2 ) = = 1, 2). 

If |2mKvK + (2m - 1)£ 2 | ^ 0, then 2(m - l)r + (m - l)(d + C[ + C 2 + C 2 ) lies in 
the fixed part of this linear system. This contradicts that \2Ky/ + £ 2 | =0. Hence 
\2mK w + (2m - 1)£ 2 | = and P 2m (F 2 ) = 1. 
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An similar argument by using (5.1) shows that P2m+i(V2) = for m > 1. Hence 



V<i is birational to an Enriques surface. 

(3) Consider the intermediate double cover tt^ : V3 — >■ W related to the data Ai + A2 = 
2C3. V3 exactly has 7 nodes lying over the 7 nodes of the curve Fb + T + B2. Note 
that the (set theoretic) inverse image n^Cj or tt^ Cj (j = 1, 2, 3) is a (— l)-curve. 
Contracting these (— l)-curves, we obtain S/gs. S/gs has 7 nodes and 53 has 7 
isolated fixed points on S. By construction, there are double covers n-j : S/ 53 — > S 
and £>3 : S S/g^ such that the following diagram commutes. 



V 



S 



7T 









S/g-i 



w' 



By (3.7) 



2Kva = *3(2^iy + 2£ 3 ) = n* 3 (L- Eo + C 1 + C2 + C 3 + C[ + C' 2 + C 3 ). 

As is shown in Section 2, \L — Eq\ gives a genus fibration W — > P , and 
all the (— 2)-curves Ci, . . . , C 3 are contained in the fibers. It induces a fibration 



on g : 



2K 



S/93 



1 . Denote the general fiber of g' by F' . From the diagram above, 

0. Since (L - E ).(Ax + A 2 ) = 4, 



tt* 3 (F'). Thus K s/g3 is nef and K* /g3 



12X5/^1 gives an elliptic fibration of S/g^. So S/g% has Kodaira dimension 1. 



□ 



Remark 5.1. We remark that (2) (respectively (3)) realize some numerical possibil- 
ities of ) (respectively case b)) of |Ril2, Theorem 4.1]. (1), (2) and (3) realize 



respectively the following possible cases in the list of [LS12| : 

(1) k = 9,K*y 

-2 



(2) k = 9,Kfr 



2, W is a rational surface, and Bq = (30) + (1 -2) ■ 

2, W is birational to an Enriques surface, and Bq 

r 



r 

(3,-2)" 



(3) k = 7, Kyy = 0, W is minimal proper elliptic, and Bq — , 2 . 



All these cases are different from the Inoue surfaces. See LS12[ Section 5] and Section 6. 
Recently, it is shown in Baul2 that the Bloch's conjecture ( |Blo75| ) holds for Inoue 



surfaces with K 2 = 7 and p g = 0, by using the method of "enough automorphisms" 
( |IM79 and Bar85| ). We observe that the key results in |Baul2 also apply for our 
surfaces. 



14 



Theorem 5.2. Let S be a surface as in Theorem \ 3.1\ Then S satisfies the Bloch's 
conjecture, i.e., the kernel T(S) of the natural morphism A^{S) — > Alb(S) is trivial. In 
particular, Aq(S) = 0. 



Proof. The first statement follows directly from [Baul2 Proposition 1.3, Corollary 1.5] 



and Proposition 5.1 Since in our case Alb(S) is trivial, Bloch's conjecture says that 



A°(S) = 0. □ 
6 Remarks on Related Topics 



In a previous version of (LS12] , it was claimed in that three quotients of an Inoue surface 



by the involutions were all rational. The claim turns out to be wrong. We will point 
out that one of the quotient is birational to an Enriques surface. In |Ril2| , a family of 
surfaces of general type with K 2 = 7 is constructed as bidouble planes. However, here 
we show that the family with K 2 = 7 in Ril2 consists of Inoue surfaces. 



We first stick to the same notation with |Ril2 Section 4.2]. 



Let p,Pi,P2,P3 be four points in general position of P 2 , and let p' k (k = 1,2) be the 
infinitely near point of pt corresponding to the line pkp. Denote by Tj ( j = 1,2,3) the 
line pjp and by T4 a general line passing through p. Denote by C%, C2 two distinct smooth 
conies passing through pi,P2,p'i,P2- Denote by L a quintic passing though p, having a 
(2, 2) -singularity at pp, (k = 1, 2), and having an ordinary triple point at p% (See the last 



paragraph in |Ril2 Subseciton 4.2.1]). 

We claim that L is a union of a conic C and a cubic T, where C is the conic passing 
through Pi,P2,p'i-,P2->P3i an d T is a cubic passing through p,Pi,P2,Pi,P2 an d having 
an ordinary double point at p^. Note that L.C = 11. The claim follows from Bezout's 
Theorem. 



In I Ri 12, it is claimed that the smooth minimal model of the bidouble plane asso- 
ciated to the following branch divisors is a surface of general type with K 2 = 7 and 
Pg = 0: 

D x = L = C + T, D 2 = Ti + d + C 2 , D 3 = T 2 + T 3 + T 4 . (6.1) 

We explain how to find the smooth minimal model of the bidouble plane, and we show 
that this is indeed an Inoue surface with K 2 = 7. 

Let a: Y — > P 2 be the blowup of six point p, pi,p 2 ,P3,p'uP2 ■ Denote by L the pull- 
back of a general line of P 2 and by E (respectively, Ej, E' k ) the total transform of p 
(respectively, pj(j = 1,2,3), p' k (k = 1,2)). We also denote by T\ the strict transform of 
Ti, and similarly for other curves. 
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Then Y is the minimal resolution of a 4-nodal cubic surface Y. As is known, up to 
a (projective) isomorphism, there is only one 4-nodal cubic surface. We explain some 
geometry of Y. 

(1) Y has exactly four (-2)-curves: f x = L - E x - E[ - E, % = L - E 2 - E' 2 - E, 
N x = E x — E[ and N 2 = E 2 — E' 2 . These curves correspond to four nodes of Y. 

(2) Y contains nine (— l)-curves, corresponding to nine lines on the 4-nodal cubic 
surface Y. Among these curves, there are exactly three, which are disjoint from the 
(-2)-curves: f 3 = L - E 3 - E, C = 2L - E x - E[ - E 2 - E' 2 - E 3 and E 3 . They 
correspond to three lines on Y which do not pass any nodes. In particular, they 
are determined by the 4-nodal cubic surface Y. 

(3) Note that 

f 4 e\L-E\, f 4 + C = -Ky, 

C x , C 2 e\2L-E x -E' 1 -E 2 -E' 2 \, C 1 + f 3 = C 2 + f 3 = -K 9 , 

f G |3L — E x — E[ — E 2 — E' 2 — 2E 3 — E\, f + E 3 = -Ky. 

So the divisor classes of T 4 ,C X , C 2 and V are also determined by the 4-nodal cubic 
surface. 

The total transforms of D x , D 2 , D 3 on Y are 

a*(D x ) = C + f + 2E x + 2E[ + 2E 2 + 2E' 2 + 3E 3 + E, 

a*{D 2 ) =T X + C X + C 2 + N 1 + 2E[+E + 2(E X +E[+E 2 + E' 2 ), 

a*(D 3 ) =T 2 + T 3 + f 4 + N 2 + 2E' 2 + ^3 + 3E. 



Apply the normalization procedure in the theory of bidouble covers (cf. |Cat99 Section 2, 
Remark 3]), we obtain three new divisors: 

D x = C + f, 

D 2 = T 1 + C 1 + C 2 + N X + E 3 , (6.2) 
D 3 = f 2 + f 3 + T 4 + N 2 . 



The bidouble cover n: S — > Y associated to (6.2) is birational to the bidouble plane 



constructed by (6.1 ). Using the above explanation of the geometry of Y (i.e., the 4-nodal 



cubic surface), and comparing (6.2) with MP01 Example 4.1 (I)], we conclude that the 



smooth minimal model of S (and thus of the bidouble plane) is an Inoue surface. 
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Now we point out a mistake in LS12|. This observation is due to Carlos Rito. Here we 



use the notation of MP01 , Example 4.1] , as LS12 uses almost the same notation (except 



denoting by P the minimal resolution S of the 4- nodal cubic surface). In LS12, Section 
5, paragraph 4], the author writes "Also, H°(T 2 , Ot 2 (2Kt 2 )) = by a similar argument 
as the case i = 1" . Here T2 is a double cover of £ associated to D\ + -D3 = 2L2. However, 
we will show that H°(T 2 , Ot 2 (2K T2 )) = 1. 

It suffices to show h°(E, E (2i<r E + L 2 )) = and O s (2i^ s + 2L 2 )) = 1, where 

L 2 = 6/-2ei-2e2-2e3-2e4-3e 5 -3e 6 ([MPOl} Example 4.1] (II)). Since 2K^ + L 2 = 
-e 5 - e 6 , clearly h°(Z, O s (2^s + L 2 )) = 0. 



2K S + 2L 2 = 6/ - 2ei - 2e 2 - 2e 3 - 2e 4 - 4e 5 - 4e 6 

= (l — e 1 — e 2 - e 5 ) + (Z - e 3 - e 4 - e 5 ) + (I - e\ 
+ (Z - e 2 - e 3 - e 6 ) + 2(1 - e 5 - e 6 ). 



e 4 - e 6 J 



Note that I — e\ — e 2 — e§, I — e 3 — e 4 — es, Z — ei — e 4 — e% and Z — e 2 — e% — e% are 
(— 2)-curves, and (Z — es — ee) is a (— l)-curve ( |MP01 , Figure 1]), and all these curves 
are disjoint. Hence h°(O s , Oz(2Kx + 2L 2 )) 



1. 



Finally, as a comparison to Proposition 5.1 and Remark 5.1 we remark that T 2 is 
birational to an Enriques surface as described in 
9,i^ = _ 2 an d b = ^ + M ^1 o^ in the list of (Ls i2 



(3,0) T- (1,-2) 



Ril2 , and it realizes the case k 



References 

[Bar85] R. Barlow, Rational equivalence of zero cycles for some more surfaces with p g = 0, In- 
vent. Math. 79 (1985), no. 2, 303-308. 

[BHPV] W. Barth, K. Hulek, C. Peters, and A. Van de Ven, Compact complex surfaces, 2nd edition, 
Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, Band 4, Springer 2004. 

[Baul2] I. Bauer, Block's conjecture for Inoue surfaces with p g = 0, K 2 — 7, arXiv:1210.4287. 

[BCP11] I. Bauer, F. Catanese, and R. Pignatelli, Surfaces with geometric genus zero: a survey, Pro- 
ceedings of the conference Complex and Differential Geometry held in Hannover, September 
14 - September 18, 2009, 1-48. 

[BC12] I. Bauer and F. Catanese, Inoue type manifolds and Inoue surfaces: a connected component of 
the moduli space of surfaces with K 2 — 7,p g — 0, arXiv:1205.7042. 

[Blo75] S. Bloch, K 2 of Artinian Q-algebras, with application to algebraic cycles, Comm. Algebra 3 
(1975), 405-428. 

[Cam32] L. Campedelli, Sopra alcuni piani doppi notevoli con curva di diramazioni del decimo ordine, 
Atti Acad. Naz. Lincei 15 (1932), 536-542. 

[Cat84] F. Catanese, On the moduli spaces of surfaces of general type, J. Diff. Geom.19 (1984), no. 2, 
483-515. 



17 



[Cat99] , Singular bidouble covers and the construction of interesting algebraic surfaces, Alge- 
braic geometry: Hirzebruch 70 (Warsaw, 1998), 97-120, Contemp. Math., 241, Amer. Math. 
Soc, Providence, RI, 1999. 

[DMP02] I. Dolgachev, M. Mendes Lopes, and R. Pardini, Rational surfaces with many nodes, Compo- 
sitio Math. 132 (2002), 349-363. 

[Do] I. Dolgachev, Topics in classical algebraic geometry, Part I, manuscript, see 
www.math.lsa.umich.edu/ idolga/lecturenotes.html. 

[Go35] L. Godeaux, Les involutions cycliques appartenant a une surface algebrique, Actual. Sci. Ind., 
270, Hermann, Paris, 1935. 

[In94] M. Inoue, Some new surfaces of general type, Tokyo J. of Math., Vol. 17 No. 2 (1994), 295-319. 

[IM79] H. Inose and M. Mizukami, Rational equivalence of 0-cycles on some surfaces of general type 
withp g = 0, Math. Ann. 244 (1979), no.3, 205-217. 

[LS12] Y. Lee and Y. Shin, Involutions on a surface of general type with p g — q = 0, K 2 = 7, 
arXiv: 1003.3595. 

[MP01] M. Mendes Lopes and R. Pardini, The bicanonical map of surfaces with p g = and K 2 > 7, 
Bull. London Math. Soc. 33 (2001), 265-274. 

[MP03] , The bicanonical map of surfaces with p g = and K 2 > 7, II, Bull. Lon- 
don Math. Soc. 35 (2003), 337-343. 

[Ril2] C. Rito, Some bidouble planes with 4 < K 2 < 7, arXiv:1103.2940. 



18 



